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P Rory Flynn €@ mior Fly- 1252 ] . )
‘6 Motion brush in runway.. damn goad. A Wolf Dynamics @WolfDynamics - 12H13H

Adding some motion to Davinci's sketchas from
Studies of water passing obstacles and falling

uch natter control

This was very needen.

The motion was added using generative Al. The CFD simulation coming
|ater.
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7 — 5 SRENRUELTROAF & T DIBREVER
. Al RERBHOFFELROY I 2 L—Y 3 VAR

- SERT—HIHSBEEYZIaAL—IY3VHOEEIIC?

~ ﬁ%®%<@7—9ﬁﬁﬂﬁn@,;7wmﬁ @%ﬁ@ﬂ%%#+@
B D)\ [k TE. %nb%ﬁﬂiéﬁmm BEDR LY,

» AR | DERRIEHICS

- AZREFHOYSPIRR (Lyapunov/A_TE’(JBlowout %) H
E_7Fﬁ@7‘ Q%E@FU%LMLUJ RICHWT Eag(u@séui’.%!ﬁ:}l
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HEUBRHE

» DA REEIR
-  NARELyapunovis#, Lyapunoviiit
— Blowouty i & t&El#Lyapunovig £k
~  ELRDAFEREVEEIR
» T — 3 ERENEIEL TR
~ MLICKBERETILDERITTILRRSE (Lyapunoviiic) [
~ BELARDNRT—=IVBORBEE T —YEMEERHR (EHTLyapunovigZ) 2

» RED

[1] Linot and Graham, Dynamics of a data-driven low-dimensional model of turbulent minimal Couette flow, J. Fluid Mech. 973, A42 (2023).

[2] Inubushi, Saiki, Kobayashi, and Goto, Characterizing small-scale dynamics of Navier-Stokes turbulence with transverse Lyapunov exponents: A data
assimilation approach, Phys. Rev. Lett. 131, 254001 (2023).
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H A R & Lyapunovis$y
. hAR

- RERINDFR — =) (x(0) = x) & RYODBRBBRICH (TS
FEFEHBENE X (1) = @'(x,) CHIEBEEUE (4, > 0) DHDHD,
> (BKX) Lyapunovis#

- EREARY RLox(n DIBEMERE © [|6x(0)] o [|6x(O0)]le’

.dox

1 lox(T)]

@ﬁﬂ%ﬂw = [Df.]6x <[Dfx],.j = Z—ﬁ, (<", j < N))c‘:a“%c‘:%, A, = lim = log

X

T—oo T ”5)(3(0)” ]

AN




Lyapunov A2 )L &ERTT

> Lyapunov AN ~JU

— Ao Ay 2 A 2 - 2400 Ay + Ay + - + 4, [EnRITIAIR DI ERBVIE A

— B (4,40 Vo) = VoOexp((4y + A1), Vo) IEFEATIOBRZ D ETE
> LyapunovRJt

i W A
Kaplan and Yorke (1979) : g =i + 2k

r 3

k
Z CC i := max 4 klZ/ljZO>
| Ajigt | j=1

§ J

oo Mt et A 20, A e+ A+ A <0 (Vo ()= 0)

Lorenz%

Vo (®)

d, ~2.06 (< 3)

Doering and Gibbon (1995) 10



Blowout Iz & 1&#fLyapunovig &

Y
> Example [1-3] o

CARNDTRIFR (x € R?) X

— 17AY V V(X —+ S1N i )e
7t2 X O X

TV vIL Vix,y) =0 — x5 + y2(x—p) + ky?
(v =0.05, f, =2.3, w = 3.5, k = 0.0025)

|~

—_—

x=v, V.=—vv, +4x(1 — x%) + y* + f, sin wt

Al 0 M 3
y=v, V,=—vy,—2y(x—p)—4ky

- RESEEM = vy | y=y =0}
MLEDYAF =0 R(F“Duffing chaos”
x=v, v, =—vv +4x(l —x?) + f,sin wt

(X plc &K B573W)

—_—

[1] Sommerer and Ott, Nature (1993), [2] Ott et al., Phys. Rev. Lett. (1993), [3] Ott and Sommerer, Phys. Lett. A (1994). 11



Blowout? \\IBEé:ELﬁLyapunovTS%Z

e the term "blowout" because the featur ft est
dmt departure of the ytmttfmth inity of

P B'OWOUt \UJ§ the ant ma fId,th orbit is "blown out."
— p=-20: 4RD“Duffing chaos"h' 7P k>0 %

- p=-17: 4RD“Duffing chaos’(&77 kS5O0 H TE1R<1ED
(chaotic saddle)

—_—
«) 200- L L 1000 300

W Huw i ww»w

[
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Blowout Iz & 1&#fLyapunovig &

> Blowoutn I D45 (73] y
~ 1&E#rLyapunovig#l 5y
M\ 1WA R DIEEN(SY, ov) [CXTT D T
ZEMHZEZI

- ZENAHER: 5)/ = 5vy, 5i/y —ge’ vévy — 20y(x — p)

A e 3
(cf. y =, vy——vvy—2y(x—p)—4ky)

—  1&#iLyapunovig® 1,
| o(T)

A, = 1im —1lo
LT e T 250

(5@) = \/ [6y()]* + [6vy(t)]2>

[1] Sommerer and Ott, Nature (1993), [2] Ott et al., Phys. Rev. Lett. (1993), [3] Ott and Sommerer, Phys. Lett. A (1994). 14-



aLinD 77 REVEETR

» Bt C NSEICKODTERDINFRDANA R

-~ ELADLyapunoviE# : (z = (v/e)">: Kolmogorov time)!'!

~ EFOHYERIIRZE (DNS) 41 :

“we find that it increases with the Reynolds number, but surprisingly faster than what is

predicted on dimensional grounds”[Z]

[1] Ruelle, Phys. Lett. A 72 (1979) [3] Mohan, Fitzsimmons, and Moser, PRF 2 (2017)
[2] Boffetta and Musacchio, PRL 119 (2017) [4] Arjun and Ho, PRL 120 (2018) 18
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0(10°) (cf. Re = 400, MFU)
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https:/lcns.gatech.edu/~gibson/research/index.html



() 2w LELFRDLyapunovEZHT

TR (e C D HRBVE AR ELTR
(xU, T2ENT 5 L TFRIC K > TEESED)

> ML

=2\

> NRRDRIT : d= 06(10°) (cf. Re = 400, MFU)

> e R

[1] M. Inubushi, S. Takehiro, and M. Yamada, Phys. Rev. E 92.2 (2015): 023022.



HEUBRHE

P hth%L/}lb

-  HFAR&ELyapunovis#, LyapunovRit

— Blowout® 'l & 1ElTLyapunovis#

~-  ELRDHZREVEER

T — & SREHNBYEL AT

~ MLICKBERETILDIERITILRSE (Lyapunovieis) [

- ERDNRT=IVAORBMEE T —YEMEERSR (EHLyapunovicsy) (2]

» RED

[1] Linot and Graham, Dynamics of a data-driven low-dimensional model of turbulent minimal Couette flow, J. Fluid Mech. 973, A42 (2023).

[2] Inubushi, Saiki, Kobayashi, and Goto, Characterizing small-scale dynamics of Navier-Stokes turbulence with transverse Lyapunov exponents: A data
assimilation approach, Phys. Rev. Lett. 131, 254001 (2023).
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P

T — 5 RENRUERRITET I

—1—2J)LRwv bk (autoencoder, Neural ODE, etc.) ZHUL)
BiR y,7,¢ il B2 & T, T ZVILO I v ~ELIDIERTTAL
T (d, < d) ZHERL.

u e R4 h = y(u) € R% F(x(w) € R?

N d~ 0(10%

¢ A r: R >R
A\

19



T — 5 RENRUERRITET I

“a21—35J)LRwv bk (autoencoder, Neural ODE, etc.) ZH\L)

BiR v, 7, ¢ il d B & TIERITIE
felZ®) (SSP) |,

(ERTTET )L CTH

| 7 H’J;‘&E

%bo-l_E%_

ETI)L (d, < d) ZHEhK.
I

Linot and Graham, Dynamics of a data-driven low-dimensional model of turbulent

minimal Couette flow, J. Fluid Mech. 973, A42 (2023).

20



T — 5 RENRUERRITET I

“a21—35J)LRwv bk (autoencoder, Neural ODE, etc.) ZH\L)

B1R 1. 7,8 BT DI ETERTILETIL (dh < d) %R,

(EXTTET )L CHRBNGFRZE (SSP) , Mzst=2=HI1R
BERTTETIL TUPOZEIER L, HEHEICHB

e DNS
=== DManD

I*)b#‘-ii)\%\‘élc‘: BORERD
Linot and Graham, Dynamics of a data-driven low-dimensional model of turbulent
minimal Couette flow, J. Fluid Mech. 973, A42 (2023).

1



{ERTTt & Z DR

Eo010)DDNSH TETI)L{LOJEE

“after d, > 15 the joint PDFs are in excellent agreement with the DNS”.

f) Error dy, = 18

3.5

ITRILF—FARIEBOERDDIERZERFE:PU, D)

Linot and Graham, Dynamics of a data-driven low-dimensional model of turbulent
minimal Couette flow, J. Fluid Mech. 973, A42 (2023).



{ERTTt & Z DR

> ELMDTFRIATTREMEDEIR TH DEEALLTEN, 1FIC
IEDLyapunovis# 1LE (n = 1,2,3,4) X CESHI(T T TTEE.

B TC c’fL/,

Lyapunovig# ALE (d, = 18ERE) IEDLyapunovig#l ALEDd, k7%

Linot and Graham, Dynamics of a data-driven low-dimensional model of turbulent
minimal Couette flow, J. Fluid Mech. 973, A42 (2023). 23



{ERTTt & Z DR

> MLIC K DIERTILERSR (S HYRTE
(NZEROVEB(C K> THEREOJRE / R E OJEEIEDRIER)

- An interesting observation is that the DManD
models appear to accurately capture the statistics of the DNS for d;, 2 15, and Inubushi
et al. (2015) reported a Lyapunov dimension of 14.8. The close agreement between this
fractal dimension and the dimension at which our models perform well further supports
that, in theory, for the models with dj, > 15 we have a sufficient number of dimensions to
‘exactly” parameterise the manifold on which the dynamics lie.

Lyapunovig# ALE (d, = 18ERE) IEDLyapunovig#l ALEDd, k7%

Linot and Graham, Dynamics of a data-driven low-dimensional model of turbulent
minimal Couette flow, J. Fluid Mech. 973, A42 (2023). 24
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P 737|'Zc‘_’.§l,uu,

-  NHAR&ELyapunovie®, Lyapunovkit

— Blowout® 'l & 1ElTLyapunovis#

~-  ELADAOZFREVERIR

T — & SRENEIELRIAR

~ MLICEKBERETILDIERITILERSE (LyapunovRit) [

~ BERONRT=IVADOREBME T —YRIMLRR (EHTLyapunoviszy) 2

» RED

[1] Linot and Graham, Dynamics of a data-driven low-dimensional model of turbulent minimal Couette flow, J. Fluid Mech. 973, A42 (2023).

[2] Inubushi, Saiki, Kobayashi, and Goto, Characterizing small-scale dynamics of Navier-Stokes turbulence with transverse Lyapunov exponents: A data
assimilation approach, Phys. Rev. Lett. 131, 254001 (2023).
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» NFEETIVLHEAIT —5 IREBEEDSE
- YZal—Y3vZeRAWCTFHIICEWTIEnE
SLMICHTDDAD (818) EEMICKDIBEE ?
- NEEHEDOIEHENEK vs. DA

@
s

himavar8-vis (2015Jul03 22:00)

Y $'(u(0)

[1] EBHER, T—IRELICLZT[KEFEVI LD 8SRAFMET —F DERBEFHRADT /KT b

RE



sl DiEsis

B Re,=5000 (with coarse-graining)

Fujino, Motoori, and Goto, JFM 975 (2023)

> DADBIZR : ELiMDINRT — L%

< DA

BET REULCAR —IXLF—ART—RZ2H< STy

(BEYEEREE, 73%, 2018)

& DHETE

2 I*)L#—j} Z"]'— I\\ @%%%*% (Cf Goto, Saito, and Kawahara, (2017))

RRAT—=IVBEDT —

INZAT — )L EDHE

=t

C AT

($TT8E ? St

7% AT,

-/Raynolds#k iz

R7



DAD[RIREEKTE

2= E, (k)

- u (true) , @ (approx.)

- DB u=p+gq, i=p+4q,

* e ik-x b So A 1k-x
7 Z G = Z lye )

L k|>k,
- ulZNSEDEE :
dp dg
— =F Ll
7 (P, q), 7 (P, q)
IRTE

- p(t) ("t > 0)(I{EFETIgE (ERAITIEE)
- &5

A= - ETIUERER L

=111




12 g(H)DIEETE

EifDA (BEEERE)

- p@=p@ (=0

4 _ 6, 5)
dt o paq

(4"

dt
ey sl
TEATHRR Kolmogorovi

'd

N (FRBARRT—ILDBHHHNIL)

F(p,q), Ct] = G(p, q)>

E,(k)

DABCIN U2 —ILIZEE/RER)




S oo
FCITRZE
> Yoshida, Yamaguchi, and Kaneda, PRL (2005)

- EEEHDA - SEEE N (negative viscosity) - QOO0C0 ?ﬁ

Pt DOQOIODOODD

» Lalescu, Meneveau, and Eyink, PRL (2013) " B |
- EEBEDA - EH4(Kolmogorov) - EAAEE " BE/AS

» Zhang, Dong, and Abdullah, JFM (2020)
- ARTTZE DDA (4DVAR) - ©E 47 (Kolmogorov)

> Leonl, Mazzino, and Biferale, PRX (2020) ——
- Fourier nudging DA « S V7 LIEEEN

.

—NSEDMHE & U TIEEAIRE 7

30



BIEAFEELM D DASERR

f(x,y,2) = [+cosxsiny, — sin x cos y,0]

ou+\(u -Viu=Vr+vAu+f, V-u=0
0+ ((p+q) - Vp+@) =V a+vAg+ O f, V-g=0

(a)

T AE®) = |lu@) — u@)|l = llg@®) — @)l

600

t/T




BIEAFEELM D DASERR

f(x,y,2) = [+cosxsiny, — sin x cos y,0]

ou+\(u -Viu=Vr+vAu+f, V-u=0
0+ ((p+q) - Vp+@) =V a+vAg+ O f, V-g=0

(a)

T AE®) = |lu@) — u@)|l = llg@®) — @)l

600

t/T




BIEAFEELM D DASERR

f(x,y,2) = [+cosxsiny, — sin x cos y,0]

6tu+(u-V)u=Vﬂ+1/Au+f,/V-u=O
0+ ((p+q) - Vp+@) =V a+vAg+ O f, V-g=0

(a)

kn>02=AE({X) = 0 (..qgy(t) = q,0)) '

a

K AT — )L DBEAINZ T — L DEEERE (NAT —LE




NSE system DA system
VXuw=p+q) VXiu(i=p+qg)




taiTLyapunovig@z B LN /C T (7

38



BHRZ RN E FDLEM

> NSE+DAX% : — A EfEENhFER (skew-product)

_dp dq
=== )= F by E,
“ (p,q), v G(p,q) (NSE, base)

- % = G(p,q) (DA, fiber)

» [GJHA (Z:g:) %*i'fz': M ={(p,q,9) | g=7qg}

Fujisaka and Yamada, Prog. Theor. Phys. 69 (1983).
Ott and Sommerer, Phys. Lett. A 188 (1994)

' ﬂﬁﬂ%ﬁzﬂiﬂd)éﬁl_ﬁﬁli = 8
%IE ||q<r>—q<r>|| =0 (f—>oo) w

"’ /J\Z/T )l/d)'r X

D
[ ‘;

4930
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EEAZRIFEZDZL

ZE (S 1ERTLyapunovis# CHIE o B

ZRHEIN % = [D,G(p. 9)16q ([D G, = E)
(DS DER/IEE#NSgZG = g+ 5qg& LT
4 _ 6. lTRA LIFEAL)

*ﬁlﬂéﬁLyapunovT‘é%Z
16g(T)||

1 AT ’
2y(ky) = In (15g(D)1| e [15g(0)l|e*T)

T—>oo T |og(O)]
o kITIKTE

xE £

o RIFETFHIETHD, 1,(k) < 07X SELIRD & DHIHPIARE

N5 THDAIAIA.

e DA (°ML) 7))LV X AT K5 WLWNSEDIFHE

(ZEnAEN 069+ O, {u-Viqg+6q-Vu)

= — Vér + vAdqg)

37
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SHEAZIRIAEZ DR E

0.15

-~

tE#TLyapunovis D2 D DIERR, ReynoldsHkE!E ?
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%\I
7f,\|7_|<ﬁyapunovT§§51 A, (k) (k, = + o)

) INW AN o i r o~

22.7) *E Vi |

. HiZ, 0,09 + O {u-Vog+0q - Vuj Vorn+vA

a ( : — VY

— + 0olcHUWT06g ~vASgET D E, 7 — e
AT (ka;q)2
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t&WTLyapunovig®L A, (k, = 0)

k,=0D&EZE, O, =1 )k, =0)=1 (FRAKLyapunovig#)
CBDAEIN D069+ O {u-Véqg+q-Vu} = — Vér+ vAdg

N

4-3



(518) LMD ANFEREVEEIR

» Bt C NSEICKODTERDINFRDANA R

~ &R DLyapunoviE# : (z = (v/e)">: Kolmogorov time)!'!

— WEFOHYERIIRE (DNS) 41 :

“we find that it increases with the Reynolds number, but surprisingly faster than what is

predicted on dimensional grounds”[Z]

[1] Ruelle, Phys. Lett. A 72 (1979) [3] Mohan, Fitzsimmons, and Moser, PRF 2 (2017)
[2] Boffetta and Musacchio, PRL 119 (2017) [4] Arjun and Ho, PRL 120 (2018)
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t&WTLyapunovis

0.15

31

M Reynolds

&

K7FIE
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t&#TLyapunoviE LD Reynolds# k=14

e o Re = 1400

Re =570 °

» B ALyapunovig# & 1&kiLyapunovis B DESR : A, (k, =0) = 4

46



> — % SRBYRUEL T

RO

FROEEM (TS R EBR

- MLIEEKBERETILDERITILRER (Lyapunovizin) 1)

- BELROINRT—ILBOE

SEDOERERE
- MLICEKBEMRETILOEIROIEESE (kn ~ 0.20D“EE”) (3]

- BICYZalL—Y3YhnER]

HRIE—RICEBT — I AS

EMEE T —YEMERRSR (1Ekilyapunovig#l) (2]

LA
>|.

.

FBT —IDIRVWEEIC(EDENR R ZRLZNE DA,
ELRDIRILF—HRT— RICEDL!

- T—YERIGFDE

/

L5 FE )

7%? (w/ Prof. Cau

field@DAMTP, 2024%3H~)

[1] Linot and Graham, Dynamics of a data-driven low-dimensional model of turbulent minimal Couette flow, J. Fluid Mech. 973, A42 (2023).

[2] Inubushi, Saiki, Kobayashi, and Goto, Characterizing small-scale dynamics of Navier-Stokes turbulence with transverse Lyapunov
exponents: A data assimilation approach, Phys. Rev. Lett. 131, 254001 (2023).

[3] Matsumoto, Inubushi, and Goto, Feasibility of turbulence model by machine learning (in preparation).

[4] Inubushi and Goto, Transfer learning for nonlinear dynamics and its application to fluid turbulence, Phys. Rev. E 102, 043301 (2020).

inubushi@rs.tus.ac.jp 2 https://www.rs.tus.ac.jp/~inubushi
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