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Aims & Motivating Questions

 Meaning and concept of super-rotation: How should it be defined?

* Where does it occur, and when?
* Explore almost every known planet, not just Earth!

* What dynamical processes and mechanisms can generate and maintain it?
* |s there a general scaling theory for atmospheric super-rotation?

* Which particular processes and mechanisms are responsible for the
observed super-rotation on Earth, other terrestrial planets and the gas and
ice giants?

* Implications for planetary climate?

 What outstanding issues remain for further research?



Overall plan

|.  Fundamental concepts
 Definitions, constraints, observations (1%t look), analysis of an analogue system

Il.  Simple models and theories
e Simple conceptual models, scaling arguments, wave-mean flow interactions

Ill. Super-rotation mechanisms in simple systems
e Laboratory experiments, simplified numerical models

V. Super-rotation in fast-rotating planets
e Earth, Mars, Gas and Ice Giants

V. Super-rotation in slowly-rotating planets
* Titan, Venus, tidally-locked exoplanets
* Synthesis and discussion.....
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Plan

 What is super-rotation?
* Constraints on axisymmetric circulation: Hide’s theorem(s)
e Observations of super-rotation around the Solar System

e Super-rotation in an analogous system: axisymmetric flow in a
rotating, cylindrical annulus

* A scaling theory for annulus flows



What is super-rotation?

* Earliest reference that mentions it by
H Rishbeth (Nature 1971) on rotation

of Earth’s upper atmosphere
(thermosphere and ionosphere)

e Based on observations in the 1960s
of satellite orbits (King-Hele 1964) at

low altitude (~300 km)

e Super-rotation defined in terms of
ratio of angular velocities
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Rotation of the Variation of
Upper Atmosphere

Fronm observations of sateilite orbits it has been dedoced that
the atmosphere above about 200 km altitude rotates 20 50,
faster than the Earth, so that there exi gl wpel-lo-enst
wind of order 100 m s-* (refs. 1, 2) Ih;r.u.
not yet been satisfactorily explained. The wind systems driven
by the diurnal heating and cooling of the thermosphere® do not
produce any significant net rotation at mid-latitudes®. The
satellvte data are somewhat weighted towards low Eatitudes so
the rotation may be most promncnced rharas

suggest that the thermospher
rotation at low lattudes®,
account fully for the observat
by dynamo electnic fiekds in th
any significant difference to t

From Rishbeth 2002
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Fig. 1. The superrotation ratio A as derived from observations of
satellite orbits, based on the data of King-Hele (1971), showing
a typical error bar of +0.1. A few points have Iargsr (£0.15) or
smaller error bars (£0.05).



Rotation and Magnetism of Earth’s Inner Core

\N h at IS S u p e r— rOtatl O n ? Gary A. Glatzmaier* and Paul H. Roberts

Three-dimensional numerical simulations of the geodynamo suggest that a[super-1
[cotatiod of Earth’s solid inner core relative to the mantle is maintained by magnetic

° E arth’ S lnn er core IS alS 0) deS Crlb € d das coupling between the inner core and an eastward thermal wind in the fluid outer core.

“super-rotating” by Glatzmaier & mental rols In the generation of Earth's magnetis fied. o o
Roberts (1996 Science) from A
[ n n B
numerl(_:al S_1mulat10ns of MHD n Meridional velocity.  Angular velocity o
convection in the outer core e
.. pi N
* Interpreted as a positive angular i N
velocity relative to the rest of the A
Earth

* Maintained mainly via EM torques
from motion of outer core....

* But equatorial region of outer core e
sub-rotates except close to inner core e
boundary..... e
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What is remarkable about positive angular
velocity?

* Doesn’t necessarily require
special forces to act, e.g. if
angular momentum is
conserved.

] = lw = const.

* Example: Ice skater reduces her
moment of inertia and increases
her angular velocity o

* Better to define super-rotation
with respect to angular
momentum?

30/11/2023 FDEPS2023 8



Angular momentum of an atmosphere in
solid-body co-rotation | 0=0k

e Axial angular momentum defined as
* u= (rxpg).k = pQ[(a+ h) cos p]*
* Increases with cylindrical radius r cos @
from rotation axis

* Maximum at the equator

* Umax = pQ(a+ h)z
e =~ pQa®forh K< a
* Define super-rotation as
e u=plu+Q(a+h)cose](a+ h)cosg

> Umax
e Occurs e.g. when u > 0 on the equator.

Contours of u
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When is angular momentum conserved?

* Consider zonal momentum equation in spherical coordinates for a shallow
atmosphere (h << a)

1 dp
pa oA

c')u u v ou __uvtan
G [ 2w e
ot a cos @ oA adoe a

—2sting0=—[ ]+FB (1)

« Aislongitude, F; represents body forces (friction, viscosity, MHD etc...)

* Define specific axial angular momentum (per unit mass)

. m=%=[u+ﬂacos<p]acos<p (2)
* So
. om auaCOS
at ot ¢

{v CoS @3—: + wa cos ¢ Z—Z —uv sin @ — 20av cos ¢ sin @ — Fga cos cp} (3a)

* [neglecting terms in d/01 i.e. assuming axisymmetry]

vom
= {Z%-I_ . }+ Fgacos @ (3b)
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When is angular momentum conserved?

* Hence for a circulation that is symmetric a3
about the rotation axis :

. %T + u.Vm = Fgacos ¢ (4) | '

* m is materially conserved in the absence
of body torques and friction by an
axisymmetric circulation.

* Conversely, m cannot exceed m,,,, = Qa?
in an axisymmetric flow without non-
axisymmetric eddies (or body forces)

» Zonal pressure torques etc.....

e Often referenced as Hide’s theorem (J.
Atmos. Sci. 1969)

Raymond Hide [1937 — 2016]

30/11/2023 FDEPS2023
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How to measure/quantify super-rotation?

* Suggests a way to quantify super-rotation as the degree to which
Hide’s local limit on m (or its zonal mean m) is exceeded (Read
QJRMS 1986).

* Define a dimensionless local super-rotation index

m-Qa®  ucos
S = ~ = L (5)
Qa Qa
* Implies s < 0 for axisymmetric circulations but s can be > 0 for non-

axisymmetric flows under certain conditions

30/11/2023 FDEPS2023
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Aside: compressible or incompressible?

om
ot

+u.Vm = Fgacos @

= Z—T + V. (um) for either (6)

* (i) incompressible flow [V.u = 0] or
* (ii) compressible flow using p as vertical coordinate

* For compressible flow with height z as vertical coordinate

, 9(pm)
ot

+ V. (upm) = Fgpa cos ¢

0
=~ + V. (up) (7)

30/11/2023 FDEPS2023 13



How to measure/quantify super-rotation?

* In light of (6) or (7), if m is materially conserved everywhere [in a closed
system] then the total volume- [or mass-]integrated AM must also be
Invariant.

* Hence we can also define a dimensionless global super-rotation index
(Read 1986)
_ Jlfm-q(acosp)?av __ [ff p[m—Q(a cos p)*]dV
> = {[] Q(a cos @)2dv or M,
e [Or its compressible equivalent based on (7)]
* Where M, is the total integrated (mass-weighted) AM for an atmosphere in solid-
body co-rotation with the planet at Q

S =0 for an atmosphere that does not exchange AM with other parts of the
planet and/or experiences no external body torques

(8)

30/11/2023 FDEPS2023 14



Where do we observe super-
rotation (and how strong)? T

S S RDRNNNRNNNNONRNNNNNNRNRNNN®Q =
888cBREGE58G8R3a8R8ER8R

(a)

Earth - Annual mean

[zonally averaged] circulation

[As observed - ERA40
- Kallberg et al. 2004 ]
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Where do we observe super-rotation (and

Zonal mean wind (Annual Mean)

how strong)?

Data credit: Randal et
* EFa rth’s tro posphere 102 > A al [2004]

e Equatorial values of s <0
most of the time

* Mass-weighted
(compressible) global values
of $ ~0.010-0.017

10°

Pressure (hPa)

) er-rotation (Annual Mean)
10 R | R R

* Magnitudes ~ 0.01

1 1 | 1 1 ",‘ .
-50 0 R o N A A

* Earth’s stratosphere & wwdos | T

Mesosphere o
* Annual mean equatorial u BN

westward except around 0.1
and 1073 hPa

 NB Eddy driven!

Pressure (hPa)

P HERRANARA Y T
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Where do we observe super-rotation (and
how strong)?

e Earth’s troposphere

0.005
* Equatorial values of s <0 :
most of the time cquatorial |
* Mass-weighted local o005 i jt 4t i A ‘
(compressible) global values **perretfon o |
of $ ~0.010-0.017 " fa
. ~ ~0.015 L1 ' ! ' : '
* Magnitudes ~ 0.01 0020
0.015 #
Global ]

. 0.010
superrotation

0.005

1 1 1 1 1 1 1 1 l 1 1 1 1 l 1 1 1 1 l 1 1 1 1 l ]
1980 1985 1990 1995 2000 2005

Calendar year

Credit: Read & Lebonnois (2018 Ann Rev. EPS)
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Where do we observe super-rotation (and
Equatorial Local super-rotation
hOW StrOng)? el ReRRRe R Rl RS RERE S ERERGRERRERE BREE (| B} 8
AL TR RE R e B R R R R e e B b

Pressure (hPa)

1960 1965 1970 1975 1980
Year

e Earth’s stratosphere

e Equatorial values of s range
over +0.14 due to Quasi-
Biennial Oscillation and
Semi-Annual oscillations

 NB Eddy driven!

Pressure (hPa)

1985 1990 1995 2000 2005
Year
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Where do we observe super-rotation (and

how strong)?

* Earth’s oceans!
e Equatorial undercurrent....

30/11/2023

Credit:
Cornillon et
al. [2019]
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Figure 3.2 Mean zonal velocity from 9 shipboard ADCP sections that
crossed the equator near 165°W. Three sections were made in 2004,
one in 2007, two in 2008, two in 2010 and one in 2011. All
measurements were made using a 38-kHz ADCP on the R/V Kilo

Moana, which typically profiles to about 1200 m depth. 1



©
Q
o
>
(7]
(7]
Atmosphere m
o
Annual mean
of Mars Climatology
[Read & Lewis 2004]
<
Q
Mars GCM time—mean wind vectors, coloured by air temperature o
Northern winter solstice ?
20N — 3
j -
........ o
fzen
l)f!//..«__.....,._,._.‘..‘."
' 7 ’ /ll"/l‘
. :::f:;::‘:::'ffiﬁ;’”,, A S S oAt
O SO o oy T v :
’f,. %\~~\:‘\\;Izunr;:r X
/ Ilii’;l‘;/; }j"‘l, ‘i
RO
a
’<'€
o
.
- 4’(“"“""“ B é
oy “':::n\\:\.\\\ ~ p;\\!\\\.\ks, [O)
sl _‘:tt:t:}:;;;:;«‘%:;:;;;.w_ ﬁ; &
ERREFCRER ‘A\\H t‘\.;,—H..-:::,‘ - 2N v._,“
'*ﬂ?,e::““",,: ..... a;«%J
T e e T
180 1200 BOW 0 80E 120E 180

0.001

0.010

0.100

1.000

10.000 |-

100.000

Temperature (K)

0.001
0.010
0.100
1.000
10.000

100.000

Latitude

Zonal W|nd (m s“)

-90

Latitude

0.001

0.010

0.100

1.000 "

10.000 |-

100.000

Meridional Circulation (10° kg s™)

30/11/20M!%m FDEPS2023

Temperature (K

Latitude

—:120»§
4 -
4100 =
] =
1. ©
—:80 _CCJ
160 S
4 (2]
i (7]
Ja0 @
] o
b o
—:20 S
H0
90
?120/é\
—_1005
8; S
—:80 _Clc->
160 S
_ [}
_ (7]
Ja0 @
] o
J20 &
1 |
| 0
90
4120 =~
i >
4100 =
] =
E >
—:80 _Clc>
160 S
. 2
440 @
] o
b (@]
—:20 3
H0
90

N
o



Where do we observe super-rotation
(and how strong)?

* Mars atmosphere 01
e Annual mean zonalwind & 10
exhibits midlatitude > 100
westerly jets and mostly &

easterly flow in the tropics

* Weak westerly flow on the
equator below 20 km
altitude 0.1

Latitude (deg)
Zonal mean s MY28-9

* Local super-rotation s T 10
peaks at around 0.03 e o
* Seasonal variations? 0
Q- 100.0

50 0 50
30/11/2023 FDEPS2023 Latitude (deg) 21



Where do we observe super-rotation
(and how strong)?

Local super-rotation

* Mars atmosphere 03
* Annual mean zonal wind - ooE E
. . . . £ il
exhibits midlatitude @
westerly jets and mostly 0.1:
easterly flow in the tropics 00 | ‘ | | ‘
* Weak westerly flow on the 200 300 L40(3 ) 500 600 700
equator below 20 km MY28 s 109 MY29
altitude > > < >
* Local super-rotation s | _Global super-rotation
peaks at around 0.3 oosh E
e Seasonal variations? - i
. o 0.04 — —
* Global super-rotation o T ]
varies from ~0 to 0.07 0.02 R
000 . o TN
30/11/2023 FDEPS2023200 300 400 500 600 22700

Ls (deg)



Where do we observe super-rotation

(and how strong)?

* Jupiter’s atmosphere

* Giant planet (a ~ 11.ag,4,)
rotates rapidly (t,,; = 9.926
hours)

* Multiple eastward and
westward zonal jets in each
hemisphere at cloud tops

« Strong (>100 m s!) eastward
equatorial jet

30/11/2023

FDEPS2023

Cassini images: NASA/JPL
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Where do we observe super-rotation
(and how strong)?

 Jupiter’s atmosphere

* Giant planet (a ~ 11.ag,4,)
rotates rapidly (t,, = 9.926

hours) | |
* Multiple eastward and st St S Al A it

westward zonal jets in each
hemisphere at cloud tops

 Strong (>100 m s™!) eastward
equatorial jet

Cassini images: NASA/JPL

30/11/2023 FDEPS2023 24



Where do we observe super-rotation

(and how strong)?

* Jupiter’s atmosphere

* Giant planet (a ~ 11.ag,4,)
rotates rapidly (t,,; = 9.926
hours)

* Multiple eastward and
westward zonal jets in each
hemisphere at cloud tops

« Strong (>100 m s!) eastward
equatorial jet

* Local super-rotation at cloud
tops peaks at around s, =
+0.006 at the equator

30/11/2023
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Local Super-rotation s

150
100

(o)
o

o

on
)

0.0

-0.2
-0.4
-0.6

-0.8
-1.0

(a) Zonal velocity

20 0 -20 -40
Planetographic Latitude (degs)

40

20 0 -20 -40
Planetographic Latitude (degs)

40

FDEPS2023 25



Where do we observe super-rotation
(and how strong)?

(a) Zonal velocity

* Jupiter’s atmosphere ~ 1405 E

) 2 120 =

* Giant planet (a ~ 11.ag,) € 00— =

rotates rapidly (t,,, = 9.926 g Zg E

(] = —

hours) ‘_Z‘ 40 =

* Multiple eastward and SIS | | | | | .

westward zonal jets in each 15 10 5 0 5 10 15
hemisphere at C|0Ud tOpS Planetographic Latitude (degs)

Local I

« Strong (>100 m s1) eastward o 002 (b) Local super-rotation index :

equatorial jet S 000 g =

_.CE L _l

* Local super-rotation at cloud 2 002 =

tops peaks at around sw =

+0.006 at the equator T 0.06 E

S oo08F

15 10 5 0 -5 -10 15

Planetographic Latitude (degs)
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Where do we observe super-rotation

(and how strong)?

* Jupiter’s atmosphere

* Giant planet (a ~ 11.ag )
rotates rapidly (t,,; = 9.926
hours)

* Multiple eastward and
westward zonal jets in each
hemisphere at cloud tops

» Strong (>100 m s!) eastward
equatorial jet
* Local super-rotation sat

cloud tops peaks at around
+0.006 at the equator

* Uptos~0.03inthe
stratosphere?

30/11/2023

Pressure (hPa)

(a) Cassini Thermal zonal wind

-20
Planetographic Latitude (degs)
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Where do we observe super-rotation
(and how strong)?

e Titan’s atmosphere Stellar occultationzgrﬂlalyfis:(9.2? mbar, Ls 2 128°)

* Major satellite of Saturn

e (a~0.4ag,,y,) rotates slowly Z
(Tror = _15'95 days) Huygens/DWE vertical E
. S.ubs.tantlal atmosphere Sratile at10 S (Ls ~ 300°)
richin N, and CH, = m*/g i
* Strong (>100 m s%) = /[_?/—@ oo
eastward equatorial jet LT Il
* Varies with season? S - w02

Zonal wind speed ime~)

L 1 L " 1 L L i " "
60 30 0 -30 -60

30/11/2023 FDEPS2023 R . - - 28
Cassini/CIRS thermal winds retrieval (Ls ~ 300°)



Where do we observe super-rotation
(and how strong)?

Potential Temperature (K)

1 ) | ——_y ) ' |
I ' ||

* Titan’s atmosphere

* Major satellite of Saturn (a
~ 0.4ag,,) rotates slowly
(T,ot = 15.95 days)

Pressure (mbar)
o

° i 10
S.ubs.tantlal atmosphere o 20 2 - P
richin N, and CH, Latitude

* Strong (>100 m s%) Ang. Mom. per Mass (m°s™") u,(10 mb) =4 * Titan Rotation
eastward equatorial jet e N ' :

* Local super-rotation at B N 48
cloud tops peaks at 2
around +15 at the equator

a

Cf Qa? = 3.02x107 m2s?

10

60 30 0 -30 -60
30/11/2023 FDEPS2023 Latitude 29



Where do we observe super-rotation

Upper atmosphere

(and how strong)?

* \Venus’s atmosphere

* Earth-sized planet (a
0.9ag, ) and rotates very
slowly (7, = 243 days

§
retr 09’ ade) _ Lower atmosphere g

* Massive atmosphere mainly

of CO, with cloud decks of o) D 5 _
H,SO, droplets around 40-60 ! '
km altitude 50

e Strong (>100 m s!) eastward
flow at cloud tops (peaks at
around ~70 km altitude)

* Weak prograde flow in the
lower atmosphere

H
o
' -

ALTITUDE (km)
8 &

[=)
1

20 40 60 80 100 120
30/11/2023 WESTWBZQROCITY (m/s)

1 A ! ! |
60 80 100 120 190 |80
u(mvs)

[Data from Pioneer Venus probes]

30



Where do we observe super-rotation

(and how strong)?

* \/enus’s atmosphere

e Earth-sized planet (a ™
0.9ac,4,) and rotates very
sIowFIy Frr . = 243 days
retrograde)

* Massive atmosphere mainly
of CO, with cloud decks of

H,SO, droplets around 40-60
km altitude

» Strong (>100 m s!) eastward
flow at cloud tops (peaks at
around ~70 km altitude)

* Weak prograde flow in the
lower atmosphere

 ~uniform with latitude
between £50° - 60°

30/11/2023

Latitude (deg)

FDEPS2023
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Where do we observe super-rotation
(and how strong)?

* Venus’s atmosphere \ |

 Earth-sized planet (a ™ 60 |
0.9ac,4,) and rotates very
slowly (t,,. = 243 days
retrograde)

» Strong (>100 m s!) eastward
flow at cloud tops (~60 km
altitude)

* Local super-rotation at cloud
tops peaks at around +52.2 40l
at the equator

* Decreasing towards the
surface

UV cloud tops |
(~65 km)

40 +

20 +

Latitude (deg)

=20 +

-60 +

-80 + 2

0 10 20 30 40 50 5,

30/11/2023 FDEPS2023
Local super-rotation s



ALTITUDE (km)

Where do we observe super-rotation
(and how strong)?

T T T ‘ T T T T T T T T T ‘ T T T ‘ T T T
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Where do we observe super-rotation
(and how strong)?

.,._Knutson et al. (2007)

* Hot Jupiter exoplanets 5 Pt ]
* Jupiter-sized planets (a ~ IR { : { ]
10ag,,4,) in orbits close to o byt
their parent star. T —— SE T TeeE

Longitude from substellar point (degrees)

* Rotation likely to be locked in
1:1 resonance with orbit,
due to gravitational tides

* Phase curves from secondary
transits indicate eastward
displacement of sub-stellar o Phase
hot spot | — P

* Advected by strong (>1000 m
s1) eastward (super-rotating)
flow...?

Ingress

Combined

Heng K, Showman AP. 2015.



Summary of super-rotating atmospheres

mm-m_m

Earth 6371 7.27 x 105 -0.015-+0.04  0.0135 + 0.002
Mars 3396 7.09 x 10 30 0.16 0.04

Jupiter 69911 1.76 x 10 -60 - +140 0.005-0.016 -

Saturn 58232 1.64 x 10 350 - 430 0.035-0.045 -

Uranus 25562 1.01 x 10 -80 -0.03 -

Neptune 24622 1.08 x 10 -400 -0.15 -

Pluto 1152 1.14 x 10 10 - 15 0.76-1.1 -

Triton 1353 1.24 x 10°5 5-10 0.3-0.6 -

HD189733b 79500 3.28 x 10°5 2400 0.93 -

HD209458b 94380 2.06 x 10°5 1940 1.00 -

Titan 2576 4.56 x 106 100 - 180 8.5-15 2

Venus,,; 6052 2.99x107  .5..,100 - 120 50 - 60 7.7 .



Super-rotation with eddies: The Hide/Starr

theorem (I1)

* For non-axisymmetric flows we need to
take account of processes which break
AM conservation

* [Molecular viscosity?]
* Eddies....

and look for constraints on eddy
transport of AM

e Consider the zonally averaged form of (6)
[or (7)] in a steady state

V.(um) = Fgacosp = Fg (8)

30/11/2023 FDEPS2023

Victor Starr [1909 — 1976]
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Super-rotation with eddies: The Hide-Starr
theorem (I1)

* Now integrate (8) over the toroidal annular 20

volume or ring of fluid enclosed by a closed
contour Cin the meridional plane

.5 _;,

* If there exists a local maximum of m = m, at S
point H in the meridional plane, we can take Ctom1o‘_§§
be a contour of constantm =my — 6 HER

* LHS of the integral of (8) over volume C 05_
. fffc V.(um)dV = ffc mu.dn (9a) |
» [Divergence theorem] ' - o
= (my— &) fJ, u.dn (9b)
=0 (9¢)

* by mass conservation [NB for steady state only!]

30/11/2023 FDEPS2023 37



Hide-Starr theorem (Il): constraints on eddies

* Now consider the RHS of (8). Suppose we can
represent the torque due to eddies by

Fz =V.E (10)
where E is a flux of AM due to eddies
* From (9b) and (9c), therefore

[f. Fgav =[], E.dn=0 1) e
* This can only be satisfied if E. Vm takes either sign [, s

Height

10 i

[or E is everywhere parallel to contours of m|, so in
general...

e Eddy angular momentum fluxes E must be able to
transfer m up-gradient as well as down-gradient

30/11/2023 FDEPS2023 38



Hide-Starr Theorem(s): Summary

* We can define specific (axial) angular momentum
m = (Qacos@ + u)acos @
* Where a = planetary radius; Q = rotation rate, u = zonal velocity & ¢ = latitude

* |n zonal mean:

am L [E is ~Eliassen-Palm flux
k
ot + V. (mu ) =V.E+F u* is TEM meridional velocity —
mean eddy body see later]
advection stress forces/torque

 NB m materially and globally conserved in frictionless, axisymmetric flows (E, F = 0)

e HENCE
e Equatorial local super-rotation is impossible in purely axisymmetric, inviscid flow

* Local or global super-rotation must involve the existence of non-axisymmetric eddies
AND

e Eddy angular momentum fluxes E must be able to transfer m up-gradient
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Effects of viscosity?

* What role could fluid viscosity play in super-rotation?
* Analogous to “eddy viscosity”?

* Laboratory analogue of atmospheric circulation
* Cylindrical geometry
 Differentially heated rotating annulus

warm water
Working fluid
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Effects of viscosity?

* Numerical simulation of
axisymmetric flow in cylindrical
annulus

* Heated outer cylinder and cooled
inner

* Stress-free top surface and rigid,
non-slip sidewalls

* Meridional overturning circulation
(thermally direct)

e Super-rotation is very weak
* s5<0.01
* $~0.08
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T ®=u/r

Effects of viscosity? . 7

2.57
2.57

* The viscous term in (6) or (7) can )
be written as = =
Fgp =—-V.F g gl
* Where T
a2 r . , 3 Sialelin® il _
F = VY V(U 3.00 386 RADIUEN 5.57 a 3.00 3.86 RAD(U':S” 557
m
— —y12V (ﬁ) Torque
. -7 e
* Viscous forces/torques act to <
transfer AM downgradient for S
angular velocity S

* j.e. torelieve tangential stress
* Note that F satisfies (11) in acting

up-gradient for m horizontally - =i < %@

3.00 186 w71 557

¢ /but is downgradient for m vertically S I " B >




Viscous AM fluxes — up- or down-gradient?

F=—-vr*Vw = erV( ) and

=r(u+ Qr)
* So projection of Fonto Vmm determmes direction of transport
F.Vm = —v [IVmI2 — ——(mz)]

* Hence
e F.Vm < 0if Fis down-gradient for m
e F.VYm>0 ifF is up-gradient for m

Jdw
Also note that a_z is parallel to — >

* so the vertical component of Fis always downgradient

30/11/2023 FDEPS2023
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T ®=u/r

Effects of viscosity?

2.57
2.57
@

* The viscous term in (6) or (7) can ) )
be written as 3 5
Fgp =—V.F 2 —
* Where 3 r , , gl o - - )
F _ _vrzv (ﬁz) 3.00 3886 RADIU:SN 5.57 a 3.00 3.86 RADIU':S” s,syb
Tr Torque
* This allows AM to enter or leave ?; T e
the flow through boundaries that NN
are not stress-free AR

* Allows the flow to gain or lose A
and change the global super-
rotation ‘ '

+,570.08 and s, .~ 0.01 for this case FDEPS2023 —raouis” "

0.86




Now with stress-free side boundaries
T Torque

Effects of viscosity?

* The viscous term in (6) or (7) can

257
2.

be written as _ .
Fg =—-V.F 5 5

i o x

* Where 8] )

o (M
F = —vr2v () | 8
T' g L T T o \ ¥ Y
3.00 LR L. 71 5.57 3.00 3.86 4,71 5.57

* This allows AM to enter or leave s
the flow through boundaries that -
are not stress-free

* Note that F satisfies (11) in acting
up-gradient for m horizontally =~ =5

 Much larger super-rotation with
stress-free side boundaries

* Sax ~ 0.35 ol
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[Read 1986]

Effects of viscosity? T
* The viscous term in (6) or (7) can 3t ," e -
be Written das ::::ir;ated :‘ ‘\“ mmmmmm .
FB = —V.F st | T F mewe Nu-1 )
 Where 4
o (M
F = —vr V(—Z) o Jos °
r
* This allows AM to enter or leave L
the flow through boundaries that
are not stress-free | . | o
* Note that F satisfies (11) in acting | R S e NP
0 100 200 300 400

up-gradient for m horizontally —_—

Figure 4. The evolution of various integrated properties of the flow in case B (see text) for the first 450s of

* M uc h Ia rge r Ssu pe r- rOtat ion w It h model time after initialization: (i) global super-rotation parameter S; (ii) total torque r; (iii) Nusselt number

St rESS-free S | d e bo un d a rl es Nu, (measured at the inner sidewall}.

*s. ..~ 035 How to predict the magnitude of S?
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A scaling theory for super-rotation in a ?

rotating annulus Readisas) L
* Governing equations for steady axisymmetric N —
flow in cylindrical annular cavity T el T
WV = o/r) = (Un)ia(, +0/1) = 0.k + (o) (12) M
where. fo=29Q and subscripts again denote differentiation; an azimuthal vorticity 5
equation, §
P(V2E = £/r?) = J(x, £/r) + gaT, = fov, = (1/N)(v?), (13) =
where « is the coefficient of cubical expansion, g is the acceleration due to gravity and 3 (. : -
; is the vorticity: o I o )
E=u, = w, = (Unty = 1/7 + %22 (14) ,
and a thermodynamic equation )
KV2T = (1/rM(x, T). (15) <
K 1s the thermal diffusivity, and y is the streamfunction for the meridional flow, so that Lfg_
u= {1y, w=-Unx (16) ) |
"~ 30/11/2023 FDEPS2023 o 386 w7l Ss7




A scaling theory for super-rotation in a ?

rotating annulus

The problem may then be described fully by five dimensionless parameters, namely a

Rayleigh number
Ra=ga ATL3/xv (19)

where L = (b — a), the horizontal length scale imposed by the cylinder gap width; an
Ekman number

E = v/foH?, (20)
the Prandtl number
o= v/k; (21
and the two aspect ratios
e=HfL (22)
n=LfF (23)

where 7 1s a ‘typical’ radius, and 7 thus measures the effect of cylindrical curvature. It is
also convenient to define a subsidiary dimensionless parameter—a ‘curvature’ Rossbv

number
Ro, = V/fyf, ~ S (24)
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A scaling theory for super-rotation in 3’

rotating annulus Readsas) L
* Provided Ra and E! are >>1 then meridional )
flow is mostly confined to sidewall thermal and I T
horizontal Ekman boundary layers with a |
distinct interior w
* Sidewall thermal boundary layer
Ray — 174 =)
br L( £ ) E
 Ekman layer N—’“
£~HE/? S

* Define squared ratio
2
o Q — (j—T) = Ra_l/zE_lg_B/z x ()
E

* Properties of the circulation largely depend on =
the magnitude of Q

30/11/2023 FDEPS2023
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A scaling theory for super-rotation in a
rotating annulus  eadsse

* Up to ~6 different dynamical regimes can be identified
(i) zero rotation (Q = 0);
(i) ‘very weak’ rotation (0 < 0 < g%0™?);
(iii) ‘weak’ rotation (e’ ¥ < Q < 1);
(iv) ‘moderate’ rotation (Q ~ 1);
(v) ‘strong’ rotation (1 < Q < /2Ra'/%);
(vi) ‘very strong’ rotation (Q > £!/2Ra'/¢).
* Weak/very weak rotation regime dominated by sidewall thermal
layers so %~Ke3/4Ra1/4

30/11/2023 FDEPS2023
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A scaling theory for super-rotation in a
rotating annulus

S et
* In regime (ii) get a nonlinear- e | T \*\
Coriolis balance in zonal B " N
momentum equations which TR TG R VL
implies angular momentum is el \\X TN
conserved ) DA .
1/ )Gty m) = (2Q/ € T-4riVom. /r) "I thz‘””'”ﬂm
o ° Ra
* Regime (iii) V scale depends on R v s
curvature n and ¢ but can be P
geostrophic or cyclostrophic . . . -
107 107 10 10" 0°
(ROC > 1 ) Q= Ra-1I2E'1E-3IZ
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Trends in S
(cylindrical annulus)

* 3 basic regimes

l. V. Slow rotation (~angular
momentum conserving
except in Ekman layer): S~
constant

Il. Moderate rotation
(cyclostrophic/gradient
wind and diffusive
interior): S rises to shallow
peak

(S ~ en'/2071/2Q7H)
Ill. Rapid rotation (quasi-

geostrophic):

S ~ Q—Z ~ Q-Z

30/11/2023

S~ Ro,

G* T ) Y
Jua—
+ + S + + +’*’* \+
-, \ ;
10'; N e 110
—————————————— O- — - - B ‘s
7\
_0". ™ \ —v_....l‘_.
_ , 112
107} -~ \ .\\' g1 R
- 2
d \ *
o \ &
10°} | | N 4102
! -2
I [ \ _ 14
\ (Nu-tire
) | | [Ra}
| I 3
R Il Co, 1
./' I I o)
l l
L 3 - 3 - - N - -} 10'&
10" 10~ 10 10" 10°

FDEPS2023

A2er] - -1/2
Q = Rs"E 13N « Ro;, / g1/2
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A scaling theory for super-rotation in a
rotating annulus

* Circulation largely determined
by interactions between
boundary layers and interior
flow

* Three main super-rotation
regimes, depending upon Q

For the global super-rotation properties of the flow,
three main regimes which may be summarized as follows:
(I) ‘slow’ rotation (Q < £°07°), where V = f7 (i.e. pgportional to Q) and Ro, ~ 1 (i.c.

the ‘angular momentum conserving’ regime);

(IT)} ‘moderate’ rotation (¢%6~2 < Q < 1), in which two cases are possible, depending
upon &, 7 and o (2) a ‘weak’ super-rotation regime for small curvature (7 <
0’Q¢e™?), where V =xkeRaV2Q'?L™' and Ro.=eno'Q Y2 <1; or (b) a
‘strong’ super-rotation regime, obtained for large curvature (n > &%0 ) where V =
v(RafH/0)"*L~* and Ro_ = en'/*c Y2Q~! (which can be >1);

(IIT) ‘rapid’ rotation (Q > 1), where V is geostrophic and given b t al wind scale
1% 5021%59,22353,‘2L_1Q-1, so that Ro, E ezw;ogQ‘2 <€ 1g Y e

- ,.1 -
Q= RaUZE E3!2
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A scaling theory for super-rotation in a

rotating annulus

 Circulation largely determined by
interactions between boundary
layers and interior flow

* Three main super-rotation regimes,
depending upon Q
 Moderate rotation regime allows for
two possibilities
* Weak super-rotating regime has u in
geostrophic balance

» Strong super-rotating regime has u in
cyclostrophic balance
d(u?) oT

0z zgag

* Also requires g > £2/3p71/3 50
thermal diffusion is weak cf viscosity

« S~Ro, = en*26~Y2Q~1 so enhanced
by large aspect ratio € and curvature n

30/11/2023 FDEPS2023
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A numerical example

* Increase aspect ratio € from 1 -2

* Increase curvature 1 from 2/3 to

3/2

* S, . increases to 2.21 from 0.68
e Close to predicted factor of 2v/2

* Peak angular velocity o,,,,= 1.9
rad s1, ~10 x Q!

30/11/2023
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Figure 8. Contour maps of the steady-state fields for a numerical simulation of the thermally-driven axisym-
metric circulation in a rotating fluid annulus with rigid, non-slip base, and stress-free side and top boundaries
(case D, see text): (a) temperature (contour interval, 0-5K); (b) ¥ (contour interval, 0-25™%; the region where
y <0 is shown shaded); (c) m/Qb* (contour interval, 0-5; the region where m > Qb? is shown shaded); (d) x
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0-0125 cm?~%). Negative contours are dashed.
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A numerical example

* Increase aspect ratio € from 1 -2

* Increase curvature 1 from 2/3 to
3/2

* S, . increases to 2.21 from 0.68
e Close to predicted factor of 2v/2

* Peak angular velocity o,,,,= 1.9
rad s1, ~10 x Q!

* Centrifugal acceleration starts to
dominate over Coriolis

30/11/2023 FDEPS2023

thal Momentum

m = Centrifugal —uv/r
C.= Coriolis
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Viscous AM fluxes in spherical geometry?

* For a DEEP spherical shell
m = (Qr cos @ + u)r cos @

e the viscous flux term can be written as

=0k

F = —vrécos?¢Vw
m
= —vr?cos?@V (rzcosz(p)
* So
. _ 2 2
F.Vm Vv [IVmI —— (m )]

* Where R = r cos ¢ is “cylindrical” radius
e [Exercise: show this!]

* This means that F can be up-gradient for m
in the R direction but not parallel to k (i.e.
parallel to Q)

30/11/2023 FDEPS2023
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Viscous AM fluxes in spherical geometry?

e For a SHALLOW spherical shell, h << a and 02=Qk

r~aso
m = (Qacos @ + u)acos @
* The viscous flux term is written as
F = —va“cos?pVw

m
= —vazcoschV( —— )
azcos?q
* Where w = u/(a cos ¢) so that

1 0
F.Vm = —v [IVmI2 — ;%(mz) tan cp]

e [Exercise: show this!]

* This means that F can be up-gradient for
m in the ¢ direction but not in the local
vertical

* NB Even at the equator!

Contours of u
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Summary |.

e Super-rotation is best defined with respect to angular momentum,
not angular velocity

 Specific angular momentum is conserved by axisymmetric flows in the
absence of viscosity and body forces

e Super-rotation requires non-axisymmetric eddies that transfer AM up-
gradient

e Super-rotation is widely observed in various planetary circulations,
but with widely differing magnitude

 Scaling arguments may be useful but probably depend on the
system...”?



